We consider the problem of selling a fixed capacity or inventory of items over a finite selling period. Earlier research has shown that using a properly set fixed price during the selling period is asymptotically optimal as the demand potential and capacity grow large and that dynamic pricing has only a secondary effect on revenues. However, additional revenue improvements through dynamic pricing can be important in practice and need to be further explored. We suggest two simple dynamic heuristics that continuously update prices based on remaining inventory and time in the selling period. The first heuristic is based on approximating the optimal expected revenue function and the second heuristic is based on the solution of the deterministic version of the problem. We show through a numerical study that the revenue impact of using these dynamic pricing heuristics rather than fixed pricing may be substantial. In particular, the first heuristic has a consistent and remarkable performance leading to at most 0.2% gap compared to optimal dynamic pricing. We also show that the benefits of these dynamic pricing heuristics persist under a periodic setting. This is especially true for the first heuristic for which the performance is monotone in the frequency of price changes. We conclude that dynamic pricing should be considered as a more favorable option in practice.
Introduction
Pricing is one of the most important decisions that impact a firm's profitability. The effect of pricing is more profound for companies in transportation services sector where it is difficult to change capacities in the short term and variable costs are small. Recognizing this, airlines, rental car companies and other firms in transportation and service industries have begun to implement techniques to improve their pricing and allocation decisions since mid 1980s. Following the success of these practices, now broadly called revenue management, pricing decisions are becoming more tactical and dynamic pricing is increasingly being adopted in retail and other industries.
In a seminal work, Gallego and van Ryzin [1] (GvR hereafter) study the problem of dynamically pricing a fixed stock of items over a finite horizon under uncertain demand. An important result in GvR is that keeping the price constant (at a level determined by the deterministic solution of the problem) throughout the horizon has a bounded worst-case performance and is asymptotically optimal as the expected sales goes to infinity. GvR also show numerically that when the demand function is exponential, fixed-price policies have good performance even when the expected sales is small. The authors conclude that ''yoffering multiple prices can at best capture only second-order increases in revenue due to the statistical variability in demand''. Since 1994, a large and important body of literature in operations research has evolved to offer solutions and study different variants of the problem studied in GvR. (Recent examples include research that study the impact of product substitution [2] , consumer inertia [3] and competition and price uncertainty [4] on dynamic pricing. See [5] [6] [7] for extended reviews of earlier literature.) Although GvR caution that these second-order increases in revenue may be significant in practice, revenue management literature has remained relatively silent on quantifying the benefits of dynamic pricing over fixed-price policies. This is primarily due to practical convenience: computing optimal dynamic prices is difficult (if not impossible) and changing prices frequently may be undesirable or costly.
Our primary aim in this paper is to reemphasize the power of dynamic pricing under resupply restrictions. We suggest two computationally simple dynamic pricing heuristics and show that the performance of these heuristics can be significantly better than that of fixed-price policies. In particular, we first propose the revenue approximation heuristic which is based on approximating the expected revenue of the optimal policy in order to calculate the price to be applied for a given remaining inventory and remaining time in the selling season. The approximation is a combination of a lower bound based on the homogeneity of the optimal expected revenue and an upper bound based on the deterministic version of the problem. The second heuristic we suggest is the dynamic run-out rate heuristic which adaptively uses the solution of the deterministic version of the problem. We carry out an extensive numerical study which shows that the revenue gap between fixed-price and optimal dynamic pricing policies may be substantial and this gap worsens when the season length (or demand potential) increases. We show that the two heuristics that we propose close a significant portion of this gap and lead to near-optimal expected revenues. We also show that most of the benefits of dynamic pricing heuristics are sustained by changing the prices periodically rather than continuously. For the first heuristic, the performance is monotone in the number of periods used. Our analysis and results are confined to the benefits of dynamic pricing under ''normal'' statistical fluctuations in demand. The benefits of dynamic pricing will be more pronounced when the demand is non-homogeneous or when the demand function or distribution is not known in advance.
Among the relevant works in the literature, Gallego and van Ryzin [8] extend their model to the multiple products case and demonstrate that two heuristics that are similarly based on the solution of the deterministic version of the problem are asymptotically optimal. Cooper [9] proves asymptotical convergence results that are stronger than those in GvR and [8] . Cooper [9] also presents an example where updating prices (more precisely, the allocations in Cooper's model) by resolving the deterministic problem throughout the horizon, a widely applied approach in practice, may perform worser than applying the static policy. Secomandi [10] establishes the conditions under which resolving does not deteriorate the performance of heuristic pricing policies. Maglaras and Meissner [11] show that resolving heuristics are also asymptotically optimal as starting inventory and expected sales both go to infinity and Cooper's example should not persist in problems with large demand potential. There is limited research on developing dynamic pricing heuristics and those that are suggested are usually based on deterministic formulations. The main contribution in this paper is to propose two new heuristics that are simple and computationally feasible. While dynamic run-out rate heuristic also uses the deterministic solution in feedback form, revenue approximation heuristic is based on approximating the revenue-to-go function using a homogeneity assumption.
The literature also does not provide enough guidance on nonasymptotic or average performance of heuristic policies and the factors that moderate their performance. In GvR, the authors use the exponential price sensitivity of demand and conduct a small numerical experiment to study the performance of the fixed-price policy against the optimal dynamic policy. It is shown that the revenue gap between the fixed-price and dynamic pricing policies is smaller than the theoretical bounds and gets smaller as starting inventory increases. However, Zhao and Zheng [12] show that the revenue gap is more significant when the constant demand elasticity function is used rather than the exponential demand function. Zhao and Zheng [12] also show that the revenue gap is rather insensitive to the elasticity of demand and there are diminishing marginal returns of dynamic pricing policies to the number of prices used. Maglaras and Meissner [11] conduct a numerical study on the multiproduct pricing problem with a linear demand function. Their results show that the fixed-price policy's regret over the optimal dynamic policy can be substantial and resolving the deterministic problem periodically during the horizon can offer significant benefits. In Section 3, we provide the results of an extensive numerical experiment to study the performance of heuristic pricing policies. The results show that the regret of fixed-price policies can be important in practice and dynamic pricing heuristics can be used to generate near-optimal results.
The remainder of this paper is organized as follows. In Section 2, we propose the revenue approximation and dynamic run-out rate heuristics. In Section 3, we report the results of a detailed numerical study that quantifies the regrets of fixed-price and dynamic pricing heuristics over the optimal dynamic pricing policy. This section also analyzes the effect of periodic price changes on the performance of dynamic pricing heuristics. We conclude in Section 4.
Dynamic pricing heuristics
We first state our problem following the notation in GvR and provide some preliminary results. A given stock of n items is to be sold over a finite season of length t. The demand rate depends only on the current price p through a function lðpÞ, whose inverse is pðlÞ. The revenue rate, denoted by rðlÞ ¼ lpðlÞ, is assumed to satisfy lim l-0 rðlÞ ¼ 0, and is continuous, bounded, concave and has a least maximizer denoted by l n ¼ minfl : rðlÞ ¼ max l Z 0 rðlÞg (the corresponding price is p n ¼ pðl n Þ). There exists a null price denoted by p 1 for which lim p-p 1 lðpÞ ¼ 0. The price is selected from a set of allowable prices P ¼ R þ [ p 1 . The corresponding set of allowable rates is denoted by L ¼ flðpÞ : p A Pg.
For the numerical examples and experiments in this paper, we use three different functions to model the price-demand relationship: exponential, linear and logit demand functions. These are some of the most commonly used demand functions in theory and practice [7, 13] and are given in Table 1.   1 The demand is stochastic and modeled as a Poisson Process. The firm controls the intensity at every instant by using a price in P. The problem is to determine the pricing policy that maximizes the total expected revenue over the season denoted by J n ðn,tÞ. For a given remaining time s and inventory x in the season, GvR show that the optimal expected revenue-to-go (and the corresponding optimal price at that instant) can be found by solving the following system of differential @J n ðx; sÞ
with boundary conditions J n ðx,0Þ ¼ 0 for all x ¼ 1,2, . . . ,n and J n ð0,sÞ ¼ 0 for all s r t. GvR also prove the existence of a unique solution to (1) along with monotonicity of the optimal expected revenue (and corresponding demand rates and prices) with respect to remaining inventory and remaining time in the season.
GvR state that obtaining a solution to (1) is quite difficult -if not impossible -for arbitrary demand functions. In addition, implementing a pricing policy that would change the price continuously over time may be difficult in practice. Therefore, they suggest the use of a heuristic pricing policy in which the price is constant for the entire season. The fixed-price (FP) heuristic that they develop uses the solution of the deterministic version of the problem and sets the price at p ¼ pðlÞ ¼ pðminfl 0 ,l n gÞ, where l 0 ¼ n=t is the runout rate and l n is the revenue maximizing rate. One can improve upon this by using the optimal fixed-price (OFP) heuristic and setting the price to p OFP ¼ arg max p pE½minfn,N lðpÞ ðtÞg where N lðpÞ ðtÞ is a
Poisson random variable with rate lðpÞt. GvR shows that both heuristic are asymptotically optimal as n and l n t (or demand potential) both go to infinity. In the remainder of the section, we suggest two computationally simple heuristics that can be used to dynamically adjust prices.
Revenue approximation heuristic
The main idea behind our first heuristic approach is to approximate the optimal expected revenue function J n with a proper function, sayJ, and use this approximation in (1) to find
This is similar to the approximate dynamic programming approach used in [14] and [15] 
Lower bound
The lower bound we develop is based on the following intuitively appealing argument: The optimal expected revenue that can be obtained by selling x units of remaining inventory over a remaining season of length s is approximately equal to x times the optimal expected revenue that can be obtained by selling one unit of inventory over a season of length x=s, i.e., J H ðx,sÞ ¼ x J n ð1,s=xÞ:
This approximation would be exact only if the optimal expected revenue function was positively homogeneous, i.e., J n ðx,sÞ ¼ x J n ð1,s=xÞ. As we show next, this is not the case and the expected revenue obtained through this approximation is a lower bound for the optimal expected revenue.
Theorem 1.
J H ðx,sÞ ¼ xJ n ð1,s=xÞ rJ n ðx,sÞ, 8x 40:
Proof. Consider the pricing policy for x units of inventory to be sold over a remaining season of length s. The remaining season is split into x periods, each having length s=x. In each of these periods, one additional inventory is put on sale along with any leftover inventory from the previous period. In each period, the intensity at time w is set to l n ð1,ðs=xÞÀwÞ. Since J n ð1,s=xÞ is the expected revenue of this policy in one of these periods without considering the leftover inventory, there is a positive probability (which is equal to or larger than e mxðsÞ where m x ðsÞ ¼ R s=x 0 l n ð1,ðs=xÞÀwÞdw) that there will be leftover inventory at the end of a given period, and the prices are non-zero, the expected revenue resulting from this pricing policy is at least xJ n ð1,s=xÞ. & Fig. 1 The lower bound requires the calculation of J n ð1,sÞ using a single differential equation
Remember that obtaining the optimal policy requires solving the system of differential equations given in (1) . Therefore, obtaining the lower bound is much simpler compared to the optimal policy. For x ¼1, the lower bound coincides with the optimal expected revenue, i.e.,J H ð1,sÞ ¼ J n ð1,sÞ.
Upper bound
The upper bound we use is the solution of the problem in which the demand rates are deterministic. In this case, as is shown in [1] , we have: In principal, yðx,sÞ can be fine-tuned for a given demand function, starting inventory and length of the horizon. For example, Fig. 2 shows the optimal revenue as well as the upper and lower bounds for the linear demand function with a¼ 2 and b¼1. As one can observe, the lower bound is tighter than the upper bound for small values of starting inventory, but the upper bound better approximates the optimal revenue for larger values of starting inventory.
In Section 3, we use the weights yðx,sÞ ¼ 1= ffiffi ffi x p in a detailed numerical study. This leads to a heuristic performance within or around 0.2% of the optimal revenue for all problems we consider.
We now explain how one can compute the intensity and corresponding prices for the revenue approximation heuristic for the three demand functions used in this paper.
Exponential demand function: For the exponential demand function, using (2), we get
For the exponential demand function, J n ð1,sÞ ¼ lnð1 þ l n sÞ (see GvR). Therefore, we haveJ H ðx,sÞ ¼ x lnð1 þ l n s=xÞ. In addition, J D ðx,sÞ ¼ minfx,l n sglnðas=minfx,l n sgÞ. Using these in (4),
where l n ¼ a=e. The corresponding price is p RA ðx,sÞ ¼ lnða=l RA ðx,sÞÞ. Note that the optimal price and intensity can be calculated in closed form. The optimal price is an increasing (decreasing)
function of the remaining time (inventory) in the season. Correspondingly, optimal intensity is a decreasing (increasing) function of the remaining time (inventory) in the season. Linear demand function: For the linear demand function, using (2), we get
In order to findJ H ðx,sÞ, one needs to first calculate J n ð1,sÞ. By solving (3), we get,
Therefore, we haveJðx,sÞ ¼ a 2 sx=bðas þ4xÞ. In addition,
we get 
The corresponding price is p RA ðx,sÞ ¼ aÀl RA ðx,sÞ=b. Again, the optimal price and intensity can be written in closed form and maintain monotonicity properties. Logit demand function: For the logit demand function, using (2), we get
The corresponding price is p RA ðx,sÞ ¼ 
ÀWð1=eÞÀ1 . Unfortunately, however, there is no closed-form representation ofJ H ðx,sÞ since there is no closed-form solution for J n ð1,sÞ in (3). J n ð1,sÞ can only be represented as a solution (z) to the following equation.
Therefore, all calculations need to be carried out numerically by obtaining the solution J n ð1,sÞ from (6) to getJ H ðx,sÞ ¼ xJ n ð1,s=xÞ. However, the computation burden of the heuristic is much less compared to obtaining the solutions for J n ðx,sÞ for all x ¼1,y,n. In general, calculating the prices (or intensities) that will be used for RA heuristic is as difficult as solving the single differential in (3) and if (3) has a closed-form solution, the prices can also be represented in closed form.
One can extend the idea used in computing the lower bound to a class of dynamic pricing heuristics by approximating J n ðx,sÞ with J H ðx,sÞ ¼ ðx=kÞJ n ðk,sk=xÞ with kZ 1. More generally, one can use a linear combination of d of these approximations such that
We performed a preliminary numerical investigation of the performance of these heuristics with d 41, but since this leads to additional computational burden and does not necessarily provide a tighter bound in our numerical study, we only focus on d ¼1 and a 1 ¼ 1 in this paper.
Dynamic run-out rate heuristic
The dynamic run-out rate heuristic is a dynamic version of FP heuristic suggested in GvR. For a given remaining time s in the horizon and remaining inventory x, the price is set at 
Finally, the optimal dynamic price p n ðx,sÞ can be computed only numerically by solving the system of differential equations given in (1) .
Sample price paths for optimal dynamic pricing (denoted by OPT), RA heuristic and RR heuristic are plotted in Fig. 3 , as well as the fixed prices set by FP and OFP heuristics. The horizontal axis represents the remaining time in the season. The jumps in dynamic policies correspond to sales (for demonstration, the example assumes that the sales are realized at the same times for each policy, although, in reality the realizations depend on the prices charged and hence could be different for each policy). As is the case for the optimal dynamic policy, both dynamic pricing heuristics Fig. 3 . Price paths for optimal and heuristic policies, linear demand, a¼ 2, b ¼1, t¼ 10, n¼ 5.
reduce the price over time between consecutive sales and introduce an upward jump at each sale (the only exception to this behavior is when the remaining time in the selling period is less than 1 and remaining inventory is 1, leading to a constant price p RR ð1,sÞ ¼ pðminf1,1=sgÞ ¼ 1 for RR heuristic). The price set by RR heuristic can be somewhat different from the optimal price. On the other hand, RA heuristic's price is always very close to the optimal dynamic price. In this particular case, the difference p n ðx,sÞÀp RA ðx,sÞ remains in the interval ½À0:005017,0:005708. The optimal expected revenue for this example is J n ð5,10Þ The price paths for the optimal dynamic policy and dynamic heuristics have shapes similar to those in Fig. 3 . However, in this case the range of prices are larger. RA heuristic still follows the optimal policy closely although not as closely as the case for linear price response function. Again, RR heuristic may set a price quite different from what is optimal. The optimal expected revenue for this example is J n ð5,10Þ ¼ 7:0737. Using RA, RR, OFP, FP heuristics instead generate expected revenues J RA ð5,10Þ ¼ 7:0711, J RR ð5,10Þ ¼ 6:9535, J OFP ð5,10Þ ¼ 6:7782, J FP ð5,10Þ ¼ 6:7782.
Numerical study
In this section, we analyze the performance of dynamic pricing heuristics (namely, revenue approximation (RA) and dynamic run-out rate (RR) heuristics) and compare their performance against constant price heuristics (namely, fixed-price (FP) and optimal fixed-price (OFP) heuristics) through a detailed numerical study. We also attempt to complement the numerical analysis in GvR for FP and OFP by considering different demand functions and larger demand potentials. For this purpose, we use exponential, linear and logit demand functions.
In order to calculate the expected revenue of a given dynamic pricing heuristic P, we first numerically solve the system: @J P ðx,sÞ @s ¼ rðl P ðx,sÞÞÀl P ðx,sÞ½J P ðx,sÞÀJ P ðxÀ1,sÞ, for all x ¼ 1, . . . ,n,
with initial conditions J P ð0,sÞ ¼ 0, 8s and J P ðx,0Þ ¼ 0, for all x ¼1,y,n, where l P ðx,sÞ is the demand rate set by the heuristic policy. The expected revenue of using the heuristic policy P then can be found by evaluating J P ðx,sÞ at x ¼n and s¼t.
In order to calculate the optimal revenue J n ðn,tÞ, we solve the system of differential equations (1) numerically. We carried out these calculations in an advanced numerical mathematics software package. For larger problems (especially for larger values of starting inventory level) or more complex price-response functions, obtaining the optimal policy may be intractable or the computation times may be prohibitive in a practical setting.
Performance of fixed and dynamic pricing policies
In Table 2 , we report the optimal revenue and performance of heuristic policies for the exponential demand function when n ¼ 1, . . . ,20 and l n t takes on values 10 or 40. The first four columns of Table 2 report the optimal expected revenue (J n ) and the performance of fixed price policies FP and OFP for l n t ¼ 10. These are exactly same as what is reported in Table 1 of GvR. We extend the numerical study in GvR for a larger demand potential (l n t ¼ 40) in columns 8-10. In addition, we report the performance of heuristic dynamic pricing policies. J RR denotes expected revenue of the dynamic run-out heuristic. J When l n t ¼ 10, the regrets of FP and OFP heuristics are relatively small. FP heuristic performs worst at 87.06% for n¼1, but for larger values of n, the performance is good and approaches 100% when n¼20. OFP heuristic's worst performance is 94.51%. Comparing columns 3 and 4 with columns 10 and 11 shows that both FP and OFP heuristics perform worse for all, but two values of n when l n t ¼ 40 case. Average reduction in performance is 3.15% and 2.85% for FP and OFP heuristics, respectively. Both heuristics lead to significant optimality gaps when l n t ¼ 40. Even when n ¼20, a regret of about four percent remains for both heuristics. This shows that for a given starting inventory level (n), increasing the demand potential over the season (increasing l n or t) reduces the effectiveness of fixed-price heuristics, especially when the price is not optimized.
In general, dynamic pricing heuristics offer important improvements over FP and OFP heuristics and generate nearoptimal results. RR heuristic performs better than OFP heuristic 
except five instances and its worst performance is 97.2% when n ¼8 and l n t ¼ 10. In contrast to fixed-price heuristics, RR performs better when the demand potential is larger. When l n t ¼ 40, RR has a near-optimal performance with minimum performance at 99.34%.
RA heuristic has an outstanding performance in all instances. It performs better than FP, OFP and RR heuristics in all problems, and its worst performance is as high as 99.84% (when n ¼10 and l n t ¼ 10). RA leads to an average of 3.97% and 7.44% improvement over FP heuristic for l n t ¼ 10 and l n t ¼ 40 cases, respectively. The improvement over OFP heuristic is, on the average, 2.22% and 5.23% for these cases. The results in Table 2 also show that combining the upper and lower bounds when approximating the revenue is important. These bounds, when used alone in approximating the optimal revenue (J D RA and J H RA ), do not lead to a consistent and comparable performance.
A similar study is carried out for the linear price response function in Table 3 . In particular, we used a¼ 2 and b ¼1 leading to l n ¼ p n ¼ 1. The performance of FP heuristic in the linear demand case is generally worse than the case of exponential demand. For l n t ¼ 10, the worst performance is at 72.06% when n¼1. The OFP heuristic, on the other hand, performs better with the linear price response function. The worst performance is 96.66% when n ¼3. Increasing the demand potential l n t to 40 has a more dramatic effect on FP heuristic in the case of linear price response function. For all values of n, FP heuristic performs worse with larger demand potential. For n ¼1, the performance goes down to 65.54%. When l n t is increased from 10 to 40, the average reduction in performance is about 6.28%. The OFP heuristic, on the other hand, performs better with l n t ¼ 40 for smaller values of n, and performs worse for larger values of n. The average reduction in performance is 1.27%. A regret in the range of 3-4% still remains even for large values of n for both heuristics.
Again, in general, dynamic pricing heuristics offer important improvements over FP and OFP heuristics and perform close to optimal. RR heuristic performs better than OFP heuristic except one instance and its worst performance is 97.98% when n ¼1 and l n t ¼ 10. When l n t ¼ 40, RR has a near-optimal performance with minimum performance at 98.36%.
RA heuristic has an outstanding performance for the linear demand case. It performs better than FP, OFP and RR heuristics for all instances. Its minimum performance is 99.81% when n ¼5 and l n t ¼ 40. RA leads to an average of 5.42% and 12.65% improvement over FP heuristic for l n t ¼ 10 and l n t ¼ 40 cases, respectively. The improvement over OFP heuristic is, on the average, 1.58%, and 2.85% for these cases.
Finally, in The worst performances of FP and OFP heuristics for l n t ¼ 10 are 85.06% and 94.52%, respectively, when n ¼1. Increasing the demand potential has a negative effect on the performance for both heuristics. Worst performances go down to 78.27% and 93.50% for FP and OFP heuristics, respectively. On the average, increasing the demand potential l n t from 10 to 40 reduces the performance by 3.63% and 2.80% for FP and OFP, respectively.
Once again, dynamic pricing heuristics offer significant improvements over fixed-price heuristics. RR heuristic performs better than OFP heuristic in all instances except for three. When l n t ¼ 10, the worst performance of RR heuristic is 97.64%. When l n t ¼ 40, the performance is very close to optimal with minimum at 99.53%.
RA heuristic has a remarkable performance with the logit price response function. Once again, it performs better than FP, OFP and RR heuristics in all instances. The minimum performance is 99.83% when l n t ¼ 10 and n ¼10. RA heuristic offers an average performance improvement of 3.97% and 7.99% over FP heuristic for l n t ¼ 10 and l n t ¼ 40 cases, respectively. The improvement over OFP heuristic is, on the average, 2.20%, and 5.15% for these cases.
In order to better understand the impact of demand potential on performance of heuristic pricing policies, we provide Fig. 5 , which shows the performance of FP, OFP, RA and RR heuristics as a function of t for the three demand functions with n ¼5 and l n ¼ p n ¼ 1. For all demand functions, when t is very small, the performance of all heuristics are close to optimal. This is expected since all four heuristics tend to use an intensity that minimizes the instantaneous revenue rate and this is optimal. The performance of FP heuristic first goes down and after t ¼ n=l n ¼ 5 (when the intensity switches from l n to l 0 ) goes back up again. However, after a threshold, the performance of FP is a decreasing in t. The performance of OFP heuristic tends to deteriorate as t increases for an extended range of t values. When t is considerably large, the performance is rather flat and then increases as t increases. RR heuristic performs better than FP, but the impact of t is similar for the initial part. The performance dips at t ¼ n=l n ¼ 5. However, unlike FP, performance of RR is monotone increasing in t after this point. RA heuristic has a consistently very strong performance for all demand functions and all values of t again with minimum at 99.8%. It performs better than all heuristics for all demand functions and all values of t.
Larger problems
The numerical analysis so far shows that FP and OFP heuristics have important regrets, especially for small and moderate values of starting inventory. In contrast, dynamic pricing heuristics and especially RA heuristic, perform very close to optimal dynamic pricing policy. A critical question is whether these results are valid when n is larger, as in certain problems experienced in practice. In order to answer this question, we use a continuous price version of an example used in GvR (Section 4). Consider a flight with n ¼300 seats on sale t ¼360 days prior to departure. If Table 4 Performance of dynamic and fixed price heuristics, logit, 
ða,bÞ ¼ ð518=320,1=320Þ, and ða,bÞ ¼ ð3:87534,0:00533Þ for the exponential, linear and logit demand functions, respectively. The expected revenues for the optimal policy and FP, OFP, RR and RA heuristic are provided in Table 5 . For each demand function, we also provide results for three other problems in which, (i) the period length is twice, (ii) the initial inventory and the period length are half, (iii) the initial inventory is half, of those of the original problem. As expected, the performances of FP and OFP heuristics are better since the expected sales is larger than the problems considered in Tables 2-4 . However, the performance of FP heuristic varies around 97-98%. When the expected sales is not large compared to starting inventory, i.e., when ðn,tÞ ¼ ð300,360Þ or ðn,tÞ ¼ ð150,180Þ, using OFP heuristic instead leads to significant improvements and near-optimal performance. However, when the expected sales is larger, i.e., when ðn,tÞ ¼ ð300,720Þ or ðn,tÞ ¼ ð150,360Þ, OFP heuristic provides only slight improvements over FP heuristic and its performance remains around 98%. RR and RA heuristics offer important improvements over fixed-price heuristics for these problem instances. RR performs better than OFP heuristics in all but two instances. RA heuristic, on the other hand, has a truly outstanding performance. It performs better than other heuristics in all instances and very close to optimal, with a maximum regret of 0.06%. We believe that the additional revenue gains in the range of 2-3% over FP and OFP heuristics through dynamic pricing are important in practice.
Frequency of price changes
The numerical results so far show that the dynamic pricing heuristics, particularly RA heuristic, dominate the performance of fixed-price heuristics and the revenue gains through these heuristics can be very important in practice. A practical consideration is the impact of frequency of price changes. In many applications, one may find it impossible or impractical to alter the prices continuously over time and choose to use a version of these heuristics in which the prices are changed in a periodic manner. In these cases, the season is divided into a pre-specified number of periods and prices can be updated only at the beginning of these periods. For RR heuristic, the deterministic problem can be resolved and the prices (or the intensities) are changed only at the beginning of each period, and this frequency of price changes corresponds to the resolving frequency. For RA heuristic, the prices (or the intensities) can be determined periodically using Eq. (2) (We should note that one can attempt to solve the periodic problem optimally using a dynamic program. However, the problem becomes intractable quickly. The prices that will be used by periodic versions of RR and RA heuristics are easily computable and in most cases, are closed-form expressions). Table 6 shows the impact of the number of periods used on the performance of RR and RA heuristics for exponential demand function when l n ¼ p n ¼ 1. For the upper part of Table 6 , the third column is the performance (as a ratio of the optimal dynamic policy) of FP heuristic (no resolving). The last column is the performance of RR heuristic with continuous resolving. Columns 4-12 show the performance of RR heuristic when 2-10 equallength periods are used. For the lower part of Table 6 , the third column is the performance of RA heuristic when the price is set at the beginning and never changed. The last column is the performance of RA heuristic when the prices are continuously adjusted. Columns 4-12 show the performance of RA heuristic when 2-10 equal-length periods are used.
The results in Table 6 are important. First, while resolving periodically generates better performance than FP heuristic, the impact of resolving is not monotone, i.e., resolving more often does not necessarily lead to better performance. This is especially true when starting inventory (n) and demand potential ðl n tÞ are both small. For moderate n and large l n t, resolving may provide important gains over FP heuristic (consider, for example, n¼10 and l n t ¼ 40). However, in order to realize these gains, resolving has to take place very frequently; infrequent resolving generates only modest improvement. One important observation is that for n¼1 and l n t ¼ 10, the performance of continuous resolving is worse than resolving 4-10 times throughout the horizon.
Similarly for n ¼2 and l n t ¼ 10, the performance of continuous resolving is worse than resolving 5-10 times throughout the horizon. Table 6 shows that RA heuristic behaves better with respect to the frequency of price changes. Updating prices more often always leads to better performance for RA heuristic. One can quickly get close to the full revenue potential of RA heuristic by introducing a limited number of opportunities to update prices, especially when the expected demand is small ðl n t ¼ 10Þ. Table 7 extends the analysis to the linear demand function. In this case, we have negative results similar to one provided in [9] for RR heuristic. For example, when n¼ 10 and l n t ¼ 40, resolving, if not frequent enough, leads to a performance worse than that of FP heuristic. Note that for this instance, continuous resolving provides more than eight percent improvement over FP heuristic. One can also observe the non-monotonicity of the RR heuristic's performance with respect to resolving frequency in Table 7 . With linear demand function, RA heuristic continues to behave nicely with respect to the frequency of price changes. Increasing frequency always leads to better performance. With linear demand, for all problems, a performance around 99% can be obtained by using five opportunities to change the price. Table 8 shows the results for the logit price response function. Again, RR heuristic's performance is not monotone in resolving frequency. Resolving may lead to a performance worse than FP heuristic, and resolving continuously may lead to a performance worse than resolving periodically. On the other hand, the performance RA heuristic is monotone in the frequency of price changes also for the logit function.
We conclude that in practical settings where continuously changing prices is not possible, one should carefully fine-tune the resolving frequency for RR heuristic for each problem setting as there does not seem to be any universal relationship between the resolving frequency and solution quality. The performance of RA heuristic, on the other hand, is monotone in the frequency of price changes. One can obtain the desired performance by setting the frequency sufficiently high.
Conclusion
In this paper, we investigate the use of fixed and dynamic pricing policies for selling a fixed amount of inventory over a finite horizon. We propose two simple and computationally feasible dynamic pricing heuristics that can be used to update prices as uncertainty is resolved throughout the horizon. The first heuristic, the revenue approximation heuristic, is based on approximating the value function that arise in the dynamic programming formulation to determine optimal prices. The second heuristic, the dynamic run-out rate heuristic, is based on continuously resolving the deterministic version of the problem. Through a detailed numerical study, we demonstrate that fixedprice heuristics lead to serious shortcomings in revenue with general demand functions for moderate and small values of starting inventory when the demand potential is large. We show that these are precisely the settings in which the dynamic pricing heuristics that we propose can be effectively used to obtain nearoptimal performance. In particular, the revenue approximation heuristic has a consistently remarkable performance, leading to a maximum 0.2% optimality gap in all problems we consider. We also study the impact of changing prices periodically rather than continuously using these heuristics. We show that the revenue approximation heuristic's performance is monotone in the number of periods used and one can quickly get close to the full revenue potential of continuous price changes. Our main conclusion is that dynamic pricing heuristics lead to near-optimal performance and can provide important gains over fixed-price heuristics even when there is only normal statistical variation in demand and that their use should be given more consideration in theory and practice.
